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In this paper we consider analogues in positive characteristic of certain 
results in characteristic zero, mainly the following two results proved 
recently in [9, 11, 123: 
(0.1) Let A be a G-ring containing afield of characteristic zero and let Z 
be a proper ideal of A. Zf Z is maximally differential under a set of derivations 
of A then Z is permissible in A. 
(0.2) Let A be a complete Noetherian local ring containing a field of 
characteristic zero and let Z be a proper ideal of A. The following conditions 
are equivalent: 
(i) Z is maximally differential under a set of derivations of A. 
(ii) There exist nonunits x1,..., x, in A (where r = dim A/Z) and a sub- 
ring A, of A such that x1,..., x, are analytically independent over A,, A = 
AoCCx 1,,.., x,]] and Z= m,A, where m, is the maximal ideal of A,. 
For a proof of (0.1) see [ 121 and for a proof of (0.2) see [ 11, 
Theorem 2.61, noting that under the assumptions of (0.1) or (0.2) if Z is 
maximally differential under a set of derivations of A then Z is a prime ideal 
by [ 10, Theorem 11. 
In the case of positive characteristic both (0.1) and (0.2) are clearly false. 
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For example, let A = k[ [Xl], where k is a field of characteristic p > 0 and 
X is an indeterminate, and consider the ideal Z= XPA which is maximally 
differential under a/ax. 
Now, a well-known general principle is that in order to get possible 
analogues in positive characteristic of results concerning derivations which 
hold in characteristic zero, one should replace derivations by higher 
derivations. Accordingly, let us consider statements (0.1’) and (0.2’) which 
are obtained from (0.1) and (0.2), respectively, by dropping the assumption 
that A contains a field of characteristic zero and replacing derivations by 
higher derivations. We prove the following: 
(I) (0.1’) is true (Corollary (1.6)). 
(II) The implication (ii) * (i) of (0.2’) is true (Proposition (2.1)). 
(III) The implication (i) * (ii) of (0.2’) is false (Example (2.2)). 
(IV) A weakened version of the implication (i) 3 (ii) of (0.2') holds in 
a special case (Corollary (2.4)). 
In the first case we obtain, in fact, improvements of (0.1’) and (0.1) by 
proving normal flatness without the assumption that A be a G-ring. More 
precisely, we prove 
(1.4) THEOREM. Let A be a Noetherian ring and let Z be a proper ideal of 
A. Suppose Z is maximally differential under a set of higher derivations of A. 
Then A is normally flat along I. 
(1.7) COROLLARY. Let A be a Noetherian ring containing a field of 
characteristic zero and let Z be a proper ideal of A. Suppose Z is maximally 
differential under a set of derviations of A. Then A is normally flat along I. 
To deduce (0.1’) and (0.1) from the above results, we note that if in 
Theorem (1.4) (resp. Corollary (1.7)) A is assumed to be a G-ring then A/Z 
is regular by [7, Theorem 43 (resp. [2, Corollary to Theorem 11) and so 
we get the permissibility of Z in A. 
Our proof of Theorem (1.4) is essentially different from that of (0.1) in 
[9] or [12], and perhaps it has to be so. For a basic tool in the proof of 
(0.1) in [9] or [12] (also of (0.2) in [ 111) is the following result: 
ZARISKI'S LEMMA [ 13, Lemma 41. Let A be a complete Hausdorff local 
ring containing a field of characteristic zero. Zf there exists a derivation d of 
A such that the maximal ideal of A is not d-differential, then A is a power 
series ring in one variable over a subring. 
Although generalizations of Zariski’s Lemma have been obtained in 
arbitrary characteristic using higher derivations (e.g., [ 1,4, 51 and our 
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Theorem (2.3)), these are not strong enough for adapting the proof of (0.1) 
to that of (0.1’). In fact, Example (2.2) shows also that if we denote by (2’) 
the analogue in positive characteristic obtained from the above statement 
of Zariski’s Lemma by replacing the derivation d by a higher derivation, 
then (2’) is false. Perhaps this explains also why (0.2’) is false. Incidentally, 
(Z’) is a weaker form of the conjecture,made just before Example 3 in [l]. 
On the positive side we note that the analogue of Zariski’s Lemma given 
in Theorem (2.3) is somewhat more general than those in [l, 4, 51. 
Finally, we observe that our remarks concerning statement (0.2’) apply 
also, when appropriately modified, to the analogue of [8, Corollary 2.91, 
which is a graded version of (0.2). 
1. NORMAL FLATNESS 
All rings in this paper are assumed to commutative with 1. Let A be a 
ring. Recall that a higher derivation D of A (also called a differentiation of 
A in [7]) is an infinite sequence D = (D,, D,, D2,...) of additive 
endomorphisms Di of A such that 
D,= 1, and D,(d)= f D,(U) D,-i(b) (*I 
i=O 
for all a, b E A, n > 0. 
As an example, if A contains a field of characteristic zero and if d is a 
derivation of A then D = (Do, D1,...), where D, = d”/n!, is a higher 
derivation of A. 
Let t be an indeterminate over A. 
Given a higher derivation D of A we get a ring homomorphism 
E: A + A[ [t]] defined by E(u) = C,“=. t”D,(a). Note that E(u) = u(mod t) 
for every a E A. Conversely, given a ring homomorphism E: A + A [ [ t] ] 
such that E(u) = u(mod t) for every a E A we get a higher derivation D of A 
defined by D,(u) = coefficient of t” in E(u). The correspondence D ++ E is a 
bijection. For details see, for instance, [7]. 
Let Z be an ideal of A and let D be a set of higher derivations of A. 
We say that I is D-differential if D,(Z) c Z for every DE D and every 
n > 0, and that Z is maximally D-differential if I# A, Z is D-differential and 
for every ideal .Z of A with Z S$ J S$ A, J is not D-differential. We put 
D-‘(Z)= n { D,‘(Z). 
DED n=O 
If D = {D} is a singleton then we may write D for D in the above 
definitions. 
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The properties listed in the following lemma will be used sometimes 
without explicit reference. 
(1.1) LEMMA. (1) D-‘(Z) is an ideal ofA and D-‘(Z)cZ. 
(2) I is D-dzf@rentialoZc D-‘(Z). 
(3) Zf a set of generators of Z is contained in D-‘(Z), then Z is D-d+ 
ferential. 
(4) rf A is local, then there exists a unique maximally D-differential 
ideal which contains all proper D-differential ideals. 
(5) Z is D-dtfferentialol” is D-differential for every r > 1. 
(6) Z=&D-‘(Z)=,/m. 
Proof: Part (2) is immediate from the definition and (5) follows from 
formula (*). Parts (3) and (4) follow from (1) and (2). To prove (1) and 
(6), we may assume that D is a singleton: D = {D}. Let E: A -+ A[[t]] be 
the ring homomorphism corresponding to D and let q: A[ [t]] + 
(A/Z)[ [t]] be the natural map. Then it is clear that D-‘(Z) = ker(qE). (1) 
and (6) follows from this remark. 
(1.2) LEMMA. Let A be a Noetherian local ring with maximal ideal m. 
Let D be a set of higher derivations of A and let Z be a D-differential ideal of 
A. Let f,,..., f, be a minimal set of generators of I. Suppose C;=, aif. = 0 
with aiEA. Then aim D-‘(m)for every i, 16iGr. 
Proof We may assume that D is a singleton: D = {D}. We have to 
show that D,(a,) E m for every n > 0 and every i. We do this by induction 
on n. By Nakayama’s lemma, if XI=, bifiEmZ with bjE A, then biEm for 
every i. So DO(a,) = aiE m for every i. Inductively, suppose 
D,,(a,) ,..., D,,- ,(a,) urn for every i. We have 
O=D,, i a<f, = i f Dj(a;) On-j(f) E i D,(ai)f, 
( > i= I i=lj=O i= 1 
(mod ml), since D, pj(fi) E Z for all i, j. It follows that D,(a,) E m for 
every i. 
Recall that A is said to be normally fi’at along an ideal Z if the graded 
ring gr,(A) = On>,, r/Z”+’ is A/Z-flat. 
If Z is an ideal of a Noetherian local ring A, we denote by p(Z) the car- 
dinality of a minimal set of generators of I. 
(1.3) LEMMA. Let A be a Noetherian local ring and let P be a prime ideal 
of A. Then A is normally flat along P if and only if u(P”) = u(P”A.) for 
every n 2 0. 
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Proof [3, Chap. I, Corollary 2.301. 
(1.4) THEOREM. Let A be a Noetherian ring and let I be a proper ideal of 
A. Suppose I is maximally D-differential for a set D of higher derivations of 
A. Then A is normally flat along I. 
Proof: It is enough to prove that A, is normally flat along IA, for 
every prime ideal Q of A. Let Z denote the set of those prime ideals Q of A 
for which A, is not normally flat along IA,. Our aim is to show that Z is 
empty. Suppose Z is nonempty. Choose a minimal element m of Z. Then 
I $ m and it is easily seen that if D’ is the set of higher derivations of A,,, 
induced by the higher derivations of A belonging to D then IA, is 
maximally D’-differential in A,,,. Therefore, replacing A by A,,,, we may 
assume that A is local with maximal ideal m, I $ m and Z = {m}. Now, 
by [ 1, Theorem 1 ] I is a prime ideal. For this reason let us put P = Z from 
now on. Since A is not normally flat along P, there exists an integer n 2 1 
such that p(P’) > ,u(P”A.) (Lemma (1.3)). Let fi ,..., fr be a minimal set of 
generators of P”. Let Q be a prime ideal of A with P c Q $ m. Then Q $ Z, 
i.e., A, is normally flat along PA,. Therefore by Lemma (1.3) p(PkA,) = 
p( P&A.) for every k b 0. It follows that p(P”) > p(P”A,). Therefore there 
exists an integer i, 1 6 i < r, such that fi E Cj, ifjA,. This means that there 
exists a E A, a $ Q, such that afie c,+ fjA. Therefore, since P” is D-dif- 
ferential by Lemma (1.1)(5), ac D-‘(m) by Lemma (1.2). Thus 
D-‘(m) ek Q. Now, PcD-‘(P)cD-‘(m)cm, and we have just shown 
that D-‘(m) qk Q for every prime ideal Q with PC Q m. It follows that 
D-‘(m) is m-primary. On the other hand, D-‘(m) = J- D-‘(m) by Lemma 
(1.1)(6). Therefore D-‘(m) = m, which shows that m is D-differential. This 
is a contradiction, since P = I g m and Z is maximally D-differential. 
Recall that a proper ideal I of A is said to be permissible in A if A/I is 
regular and A is normally flat along I. 
(1.5) COROLLARY. Let A be a Noetherian ring and let I be a proper ideal 
of A. Suppose A/I is regular and I is maximally D-differential for a set D of 
higher derivations of A. Then I is permissible in A. 
The following corollary proves (I): 
(1.6) COROLLARY. Let A be a G-ring (see [6, (33.C)]) and let Z be a 
proper ideal of A. Suppose I is maximally D-differential for a set D of higher 
derivations of A. Then I is permissible in A. 
Proof The assumption on I implies that no nonzero proper ideal of A/Z 
is differential under all higher derivations of A/Z. Therefore by the proof of 
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[7, Theorem 41, which works with “excellent ring” replaced by “G-ring,” 
A/Z is regular. So I is permissible in A by Theorem (1.4). 
(1.7) COROLLARY. Let A be a Noetherian ring containing a field of 
characteristic zero and let I be a proper ideal of A. Suppose I is maximally 
differential under a set of derivations of A. Then A is normally flat along I. 
Proof. For a derivation d of A let d* denote the higher derivation of A 
given by d,* = d”/n!. Let D = {d* 1 d a derivation of A, d(Z) c I}. Then it is 
clear that Z is maximally D-differential. Therefore A is normally flat along Z 
by Theorem (1.4). 
Remark. The result of the above corollary is an improvement of the 
result in [ 121. For in this corollary if A is a G-ring then A/Z is regular by 
[2, corollary to Theorem 1 ] or [7, Theorem 43. 
2. ANALYTIC PRODUCTS 
The following proposition proves (II): 
(2.1) PROPOSITION. Let A = A,[ [X, ,..., X,]] be the power series ring in 
r variables over a ring A,. There exist higher derivations Dj = (D,, Oil,...) of 
A, 1 < i < r, such that for every i, j we have Di,(Xj) = 6, (Kronecker delta), 
Di,,( Xi) = 0 for every n > 2 and Dik 1 A, = 0 for every k 3 1. Moreover, if A, is 
Noetherian and m, is a maximal ideal of A, and if we put I= m,A, then Z is 
maximally {D,,..., D,)-differential. 
ProoJ Let Ei: A --f A[ [t] ] be the A,,-algebra homomorphism defined 
by E,(X,) = X, + 6,t, 1 < i, j < r. Then E,(a) 3 a(mod t) for every a E A. Let 
Di be the higher derivation of A corresponding to Ei. It is clear that 
D1,..., D, satisfy the requirements of the first part of the proposition. To 
prove the second part, note first that, since A,, is Noetherian, we have 
A/m,A = (Ao/m,)[ [X ,,..., X,]]. Further, m,A is clearly (Dl ,..., Or}- 
differential. Therefore, reducing modulo m,A, we may assume that m, = 0. 
Then A0 is a field, and we have to show that no nonzero proper ideal of A 
is {D, ,..., D,}-differential. Let J be a nonzero proper ideal of A. Choose a 
nonzero element f of J such that among all elements of J, f has the least 
order. Let q = ord( f ). Since f is a nonunit, we have q B 1. We may assume 
that X, appears in the initial form off: Then, if we write f = CE O f,x’, with 
fifiA,CCX,,..., X,]], there exists an integer n 3 1 such that ord(f,) = q-n. 
We have E,(f) = CE,fi(X, + t)j. Looking at the coefficient of t”, we get 
D1n(f)=fn+X:P”=1 Cifn+rX, where the ci are some binomial coefficients. 
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Since ord(f,J=q-n < q, we have ord(D,,(f)) <q, so that Di,(f)$J. 
Thus J is not D,-differential. 
This completes the proof of the proposition. 
If A is a complete Noetherian local ring and I is a proper ideal of A, let 
us say that Z is analytically thefibre of a product if I satisfies condition (ii) 
of (0.2) (or (0.2’)). 
The following example proves (III) and also shows that (Z’) is false: 
(2.2) EXAMPLE. Let k be a field of characteristic p > 0 and let A = 
k[ [X, Y, Z]]/( Yp - XpZ) = k[ [x, y, z]], where X, Y, Z are indeterminates 
and x, y, z denote, respectively, their natural images in A. Since 
(y+~t)~= xp(z+ tp) in A[[t]], we get a k-algebra homomorphism 
E:A-+A[[t]] given by E(x)=x, E(y)=y+xt, E(z)=z+tP. Clearly 
E(a) E a (mod t) for every a E A. Let D denote the higher derivation of A 
corresponding to E. Let m be the maximal ideal of A and let I= xA + yA. 
We claim that Z is maximally D-differential and that I is not analytically 
the libre of a product. We prove this in the following steps: 
(1) I is maximally D-differential. 
(2) D\(m) cm for every higher derivation D’= (Db, D’,,...) of A. 
(3) There is no subring of A over which A is a power series ring in one 
variable. A fortiori I is not analytically thefibre of a product. 
Proof (1) It is clear that I is D-differential. On the other hand, since 
D,(z) = 1, m is not D-differential. Since there is no prime ideal between I 
and m and since the maximally D-differential ideal must be prime by [ 1, 
Theorem 11, I is maximally D-differential. 
(2) Let D’ be a higher derivation of A and let E’ : A + A[ [t]] be the 
ring homomorphism corresponding to D’. We have E’(y)” = E’(x)~ E’(z). 
Comparing the coefficients of t and tp in this equation we get 0 = xpD;(z) 
and D’,(y)” =xPDb(z) + D’,(x)~z. The first relation shows that D’,(z) =0 
and the second one shows that D’,(y) em. Therefore, again the second 
relation shows that D;(x)~zE m*, wherefrom we get D;(x) em. It follows 
that D’,(m) c m. 
(3) This follows from (2) and Proposition (2.1). 
(2.3) THEOREM (Zariski’s Lemma, cf. [13, Lemma 43 and [4, 
Theorem 11). Let A be a complete Hausdorff local ring with maximal ideal 
m. Suppose there exists a higher derivation D of A such that m is not D-dtf- 
ferential. Then: 
(1) There exists a simple, finite, flat, local ring extension B of A such 
that B is a power series ring in one variable over a subring B,. 
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(2) Zf n is the smallest positive integer such that D,,(m) d m then we 
may choose B to be of rank n over A. In particular, if n = 1, then we may 
choose B = A. 
(3) With n as in (2), suppose x is an element ofm such that D,(x) $ m. 
Then we may choose B, to be isomorphic to A/Ax. 
(4) Zf n = 1 in (3), then there exists a subring A, of A such that x is 
analytically independent over A, and A = A,[ [xl]. 
Proof: Let E: A --f A[ [ t] ] be the ring homomorphism corresponding 
to D. Denote again by E the endomorphism of A[ [t]] which extends E by 
E(t) = t. It is easily checked that E is an automorphism of A[ [t]]. Let n be 
the smallest positive integer such that D,(m) d m and let x urn with 
D,(x)$m. Put B= A[[t]]/E(x) A[[t]]. The automorphism E of A[[t]] 
induces an isomorphism i? of (A/xA)[ [t]] with B. Thus B is a power series 
ring in the variable t over the subring B, = E(A/xA), which is isomorphic 
to A/xA. Now, E(x) = CEO t’D,(x) with D,(x) =x, D,(x),..., D,- 1(x) E m 
and D,(x) a unit. Therefore by the Weierstrass Preparation Theorem there 
exists a unit u of A[[t]] such that if we put f = uE(x) then 
f = t” + CJ’:~ ajti with a,,..., a,- I Em and further B=A[t]/fA[t]. This 
proves assertions (1 t(3). Now, suppose n = 1. Then f = t + uox, where uO 
is a unit of A. It follows that A = B= Bo[[t]] = BO[[x]]. This proves (4). 
The following corollary proves (IV): 
(2.4) COROLLARY. Let A be a complete Noetherian local ring and let Z 
be a proper ideal of A. Suppose Z is maximally D-differential for a set D of 
higher derivations of A and suppose dim A/Z= 1. Then there exists a simple, 
finite, jlat, local ring extension B of A such that B is a power series ring in 
one variable over a subring B, and ZB = m, B, where m, is the maximal ideal 
of B,. 
Proof Let m be the maximal ideal of A. Since A/Z is regular by 
Corollary (1.6), there exists x E m such that m = Z+ Ax. Choose D E D such 
that m is not D-differential. Let n be the smallest positive integer such that 
D,(m) & m. Then D,(x)$m. Now, as in the proof of Theorem (2.3) we 
have a commutative diagram 
ACCtll E ACCtll 
P 
I I 
4 
(A/xA)CCtll E At-CtllI& 
II 
1 ACCtl 1 
B 
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where E is the automorphism corresponding to D and p, q are the natural 
maps. We have B= B,[ [I]] with B, = E(A/xA). Further, since I is D-dif- 
ferential, we have E(ZA [[t]]) = IA [[t]] (see [7, Theorem 11). Therefore 
md = &(mACCrll) = qE((Lx)ACCtll) = ~((~,E(x))AC[~II)=IB. 
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